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Abstract 

All the supersymmetric configurations of pure, ungauged, N = 4, d = 4 super- 
gravity are classified in a formalism that keeps manifest the S and T dualities of the 
theory. We also find simple equations that need to be satisfied by the configurations 
to be classical solutions of the theory. While the solutions associated to null Killing 
vectors were essentially classified by Tod (a classification that we refine), we find new 
configurations and solutions associated to timelike Killing vectors that do not satisfy 
Tod's rigidity hypothesis (hence, they have a non-trivial U{\) connection) and whose 
supersymmetry projector is associated to 1-dimensional objects (strings), although 
they have a trivial axion field. 
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1 Introduction and main results 



Classical supersymmetric solutions of supergravity theories have played a very important 
role in many advances in string theory for the past 15 years and are still the subject of much 
interest since they include, for example, backgrounds (possibly with branes and fluxes) for 
string model-building and supersymmetric objects such as black holes, supertubes and, as 
it has been discovered recently in Ref. PQ, black rings. 

It is, thus, a very interesting problem to try to find or at least classify and characterize 
the supersymmetric solutions of (ideally all) supergravity theories. There have been many 
interesting results in the literature on this program, starting with the work of Gibbons and 
Hull in N = 2, d = 4 supergravity [2], completed in the seminal paper Ref. [3] by Tod, 
who, starting from the Killing spinor equations (KSEs) of that theory and using all the 
integrability conditions and properties derived from them, assuming the existence on one 
Killing spinor, was able to find, for the first time, all the field configurations (metric and 
vector field strength) for which the KSEs could be solved. His classification included field 
configurations which may or may not satisfy the classical equations of motion. 

It was only 12 years later that a similar task was undertaken again by Tod, who in 
Ref. jlj studied the supersymmetric solutions of pure, ungauged, N = 4, d = 4 supergravity, 
achieving a complete classification of the degenerate case (in which the Killing spinor 
gives rise to a null Killing vector) and only a partial classification of the non-degenerate 
case (in which the Killing spinor gives rise to a timelike Killing vector), since he had to 
assume a hypothesis of internal rigidity that he could not prove. The internally rigid cases 
were very interesting, though, since, as shown in Ref. [5] they included all known the 
supersymmetric black-hole solutions of the theory, constructed by different methods and 
studied in Refs. |H]-[IE]- By deformation of the supersymmetric black-hole solutions, the 
most general non-extremal black-hole solutions of the theory were constructed in Ref. [2D] • 

The program enjoyed a revival when a new maximally supersymmetric solution of N = 
2B,d = 10 supergravity was discovered in Ref. |21j . analogous maximally supersymmetric 
solutions of 11-dimensional and N = 2, d = 4 supergravity [221 EH] were rediscovered and 
additional maximally supersymmetric solutions of the same kind were found in 5 and 6 
dimensions in Ref. |24j . The classification of the maximally supersymmetric vacua of the 
11- and 10-dimensional theories was completed in Refs. [23 [2H]- It was then realized that 
we still had a very incomplete knowledge of the landscape of supersymmetric solutions of 
even the simplest supergravity theories and that new interesting supersymmetric solutions 
could be found by a systematic study of the solutions of the KSEs. 

This was done in Ref. [2Zj for the minimal 5-dimensional supergravity, using a tech- 
nique different from Tod's, who used the Newman- Penrose formalism. In this work, the 
KSEs were translated into a set of differential equations on all the tensors that could be 
constructed as bilinears of the Killing spinors, which can be managed by more standard 
techniques. Several of the new solutions found in this work have had a great impact: a 
new maximally supersymmetric solution of Godel type and the supersymmetric black rings 
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PU I2H1 121] 3 and generalizations that lead, for instance, to supersymmetric 4-dimensional 
rotating two- and one-black-hole solutions [3T1 E21 HH3 • 

This work was generalized to minimal gauged 5-dimensional supergravity in Ref. jHl] 
and then analogous results were obtained for minimal 6-dimensional supergravity in Refs. [SU 
EH] an d f° r N = 2, d = 4 U(l) gauged supergravity in Ref. |HZ|. There is also extensive 
work on the 11-dimensional and iV = 2A, B, d = 10 supergravities (see e.g. Refs. |38]-|48j). 
although a complete classification is still lacking. 

In this paper we return to the problem of finding all the supersymmetric configurations 
of iV = 4, d = 4 supergravity, partially solved by Tod in Ref. [I] . We use tensor methods, 
based on the bilinears of complex chiral spinors with SU(4) indices, which allows us to keep 
manifest the S and T dualities of the theory at all stages in our analysis and in the field 
configurations, as it happens in the solutions studied in Ref. [S]. The formalism used here 
can be used as starting point for the study of more complicated theories such as gauged 
and matter-coupled N = 4, d = 4 theories and there is work in progress in these directions. 

We are going to describe our main results in a moment but, before, it is worth explain- 
ing why N — 4, d — 4 supergravity is an interesting theory from the string theory point of 
view. The toroidal compactification of the heterotic string effective action (N = 1, d — 10 
supergravity coupled to 16 vector multiplets) gives ungauged N = 4, d = 4 supergravity 
coupled to 22 (matter) vector multiplets jHOj and a consistent truncation of the matter vec- 
tor multiplets gives the pure theory that we study here. Thus, all the solutions we will find 
are also solutions of the heterotic string effective action. The truncation preserves some 
of the SO(6, 22; Z) T duality symmetry and the theory is invariant under the continuous 
group 50(6) ~ SU{4) which naturally occurs as a hidden symmetry of the theory 4 |51j . 
The theory also has an S duality which manifest itself as a continuous SL(2, M) hidden 
symmetry. It was this symmetry which lead to the S duality conjectures in the correspond- 
ing superstring theory [EI]- [HOI- We will also keep this symmetry manifest at all stages in 
our analysis. 

Let us now describe our results for supersymmetric solutions, leaving the more general 
conditions for supersymmetric configurations which may or may not be solutions of the 
equations of motion. 

There are two types of supersymmetric solutions in N = 4, d = 4 supergravity admitting 
at least one Killing spinor ej, that can be characterized by the causal nature of the vector 
bilinear V a = ie j a ej, which is always a non-spacelike Killing vector. 

Timelike V a : Supersymmetric solutions are determined by a choice of 6 time- independent 
complex scalars Mjj and a complex scalar r that in general may depend on the spatial 
coordinates x,z,z*. The M/js have to satisfy two conditions: 

1. Their matrix must have vanishing Pfaflian 
3 More general black ring solutions have also been found in Refs. jHO] 

4 Thc first N = 4, d = 4 theory, constructed in Ref. [22] had only 5*0(4) invariance. We will work with 
the SU(A) theory of Ref. 
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e IJKL MjjM KL = 0. (1.1) 
2. They must be such that the 1-form £ defined in Eq. ()4.11j) takes the form 

£ = ±{{dJJdz - d^Udz*) + \d\ , (1.2) 

for some real functions U(z, z*) and X(x, z, z*) 5 . Observe that it is the function 
U that makes £ non-trivial. 

t and Mjj must satisfy the 3-dimensional differential equations 

V^e 2 ^) - e 2lX [d z _{e~ 2U )Az, - d^(e- 2U )A^\ = , (1.3) 

both for 

A = - , and A = 11 - \ J , M 2 = M /J M 7J , 1.4 

relative to the 3-dimensional metric 

yydatdxi = dx 2 + 2e 2U{z ' z * } dzdz* , (1.5) 

whose triviality is associated to that of the connection £. Then, the metric is given 
by 

ds 2 = \M\ 2 (dt + uo) 2 - \M\~ 2 (dx 2 + 2e 2U dzdz*) , (1.6) 
where u = ujidx 1 satisfies 

= A\M\~ 2 e l3k - , / y: = 2d m . (1.7) 

again relative to the above 3-dimensional metric and the vector field strengths are 
given by 



Fu = { V A dEjj - 



2\M\ 

where 



3?er 1 
V A ( ^dEjj - ^dBj 



;i.8) 



3 A general Ansatz that satisfies these two conditions is given in Eq. (|4.fi2(l . 
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V2\M\ 2 (dt + cu) , 



E u = 2 v / 2(3mr)- 1 /2( M/J + M /j); ( L9 ) 
Bjj = 2 v / 2(3mr)- 1 /2( rM/J + r *M /j)? 

Examples of solutions corresponding to specific choices of Mjj and r are given in 
Section 14 A\ but it is clear that there are two different kinds of solutions which differ 
by the triviality of the connection £ and the 3-dimensional metric. The case in which 
£ is trivial was completely solved by Tod in Ref. j3]. 

Null V a This case (called degenerate by Tod) was essentially solved by Tod in Ref. [I], 
but we study it here again for the sake of completeness and to refine his results. 
There are two subcases which we call A and B and which are associated to U(l) 
holonomy in a null direction and in a pair of spacelike directions, respectively, and 
describe pp- waves and the stringy cosmic strings of Ref. [63J. 

Case A: Each solution in this class is determined by 5 arbitrary functions of u: 
4>i, t. Given these functions, the metric and vector field strengths are given by 

ds 2 = 2du[dv + K(u, z, z*)du] — 2dzdz* , 

(1.10) 

Fu = ^ u + \e IJKL ^ KL )duAdz\ 

where 



8y/2 ■ 
TlJ = (3mr)V2^]' 

(1.11^ 



Ifl 2 



(Q mr )2 16 



Case B: These are well-known solutions determined by a choice of (in this case) 
antiholomorphic function r = t(z*). The vector field strengths vanish 6 and the 
metric takes the form 



ds 2 = 2dudv - 2e w dzdz* , e 2U = 3m(r) . (1.12) 

As for the unbroken supersymmetries of these solutions, they all preserve generically 
1/4 of the supersymmetries. It is not easy to find generic conditions for the solutions to 
preserve 1/2 (although this has been studied in special cases, see Ref. jS]). As for maximally 

6 These solutions are given in Ref. 0] in different coordinates in which the metric functions have depen- 
dence on w, but this dependence can be eliminated. 
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super symmetric solutions, we only expect Minkowski spacetime, since, otherwise, there 
would be another maximally supersymmetric solution of N = l,d = 10 supergravity 
different from 10-dimensional Minkowski spacetime. 

The rest of this paper is devoted to proof these results. In Section El we describe in 
detail pure, ungauged, N = 4, d = 4 supergravity. In Section El we define the problem and 
equations that we want to solve and find the first consistency conditions. To go on, one 
has to consider separately the timelike and null cases. This is done in Sections 0] and El 
respectively. Our conventions are described in Appendix El and Appendix El contains all 
the algebraic identities satisfied by the products of tensors constructed as bilinears of chiral 
spinors, derived by Fierzing. 

2 Pure, ungauged, N = 4, d = 4 supergravity 

The bosonic fields of N — 4, d — 4 supergravity multiplet are: 

1. The Einstein metric g^ v . 

2. The complex scalar r that parametrizes an SL(2,M.)/U(1) coset space. In terms of 
its real and imaginary parts (the axion a and the dilaton 0) it is written r = a + ie~^. 

3. The 6 i7(l) vector fields whose complex combinations we label with an antisymmetric 
pair of SU (4) indices Ajj /1 , I, J = 1, • • • , 4 and are subject to the reality constraint 



where we rise and lower all 577(4) indices by complex conjugation: A IJ ^ = (Au^)*. 
Their field strengths are Fjj = dAjj and are subject to the same reality constraint. 

The fermionic fields of this supermultiplet, which are always 4-component (complex) 
Weyl spinors, are 

1. The 4 dilatini xii which, with lower £{7(4) indices, have positive chirality. 

2. The 4 gravitini ipj^ which, with lower SU(4) indices, have negative chirality. 

Complex conjugation raises the S77(4) indices and reverses the chiralities. 

There are two global (hidden) symmetries in the ungauged theory: S77(4) ~ 50(6), 
associated to stringy T dualities |HB| and SL(2, M), which is associated to a stringy S duality 
|21]-jnn] and leaves invariant the equations of motion but not the action. SU(4) acts on 
all the fields in the obvious way: 




2 £ uklA 



KL 



(2.1) 



etc. The matrix A 
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' = (2-3) 

cr + d v ' 

An alternative, linear, description of the action of A e SL(2, R) on r can be made using 
the symmetric SL(2, R) matrix 



A4 = ^ ' ' ) ■ (2.4) 

The fractional-linear transformations of r are equivalent to the rule 

M' = AMA T . (2.5) 
Observe that the matrix S = ia 2 is invariant under SX(2,R) transformations: 

ASA T = S. (2.6) 

The action of A e SL(2, R) on the vector fields is best described by defining the SL(2, R)- 
dual F/j of the field strength by 

Fjj = tFjj + + r*Fjj- = MerFu - Smr *F U . (2.7) 
Then, the pair F IJ: F LJ transforms as an SX(2,R) doublet, i.e. 

Fjj = ( y U ), F' L] = AF U . (2.8) 



i j 



This implies for Fjj 



± 



F'u + = (ct + d)F u + , F'jf = (cr* + d)F u - . (2.9) 
Defining the phase of cr + d by 

e 7.*e = ?L±± (2.10) 

cr* + d v 7 

we find that, under SL(2, R) several fields and combinations of fields get a local U(l) phase 

(^)' = e ^ (^) . KM^]' = ^ [(^WJ , 

(2.11) 

corresponding to C/(l) charges —3, 1, —4 and ±2 respectively. The combination 

0, S i^I, (2-12) 
4 ^mr 
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transforms as a U(l) gauge field, Q' = + |<9 M y? and this allows us to define a U(l)- 
covariant derivative 

V li = V li -iqQ li , (2.13) 

acting on fields with U(l) charge q. Complex conjugation reverses chirality and these U(l) 
charges. 

The action for the bosonic fields is 



d x\J \g\ 



2 ( Qmr )2 16 



IJ PlV 



(2.14) 



It is useful to introduce the following notation for the equations of motion of the bosonic 
fields: 



C fJ, = 



1 5S 
'2yAg\ 5e % 



£ = 



2Qmr SS 



\9\ 



St 



5S 



g\ SA IJfl 



(2.15) 



Then, the equations of motion take the form 



£»u = G,, + ^mr)- 2 ^^^* - i V 9p^r*] - iSmr^j+ZF"^, , (2.16) 



* = vA- E ^)-$*mTF IJ+ '"F I j+ pi ,, (2.17) 



The Maxwell equation S IJfl transforms as an SL(2,M.) doublet together with the 
Bianchi identity which we denote for convenience B IJ ^ 

It is easy to see that the combinations 

(Smr)V2 ' (Smr)V2 ' 1 ' V) 

have U(l) charges +2 and —2, respectively. The equation of motion of the complex scalar 
£ has U(l) charge +4 and the Einstein equation is neutral. 

For vanishing fermions, the supersymmetry transformation rules of the gravitini and 
dilatini, generated by 4 spinors ej of negative chirality and U(l) charge +1, are 
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^ = ^-^(Smrj^V^V, (2.21) 

to = ^^-i^mr) 1 / 2 ^-^. (2.22) 

We also need the supersymmetry transformation rules of the bosonic bosonic fields, 
which take the form 



5 f A 



6 e e, a = -KeV^/^ + e/TV/,), (2-23) 
S e r = -^mre'xi, (2.24) 
V2 



e^JlA, + ^e[WJ] + hiJKL (e K *P\ + 73^7mX L )] -(2-25) 



(Smr) 1 / 2 

3 Supersymmetric configurations: general setup 

Our goal is to find all the purely bosonic field configurations of N — 4, d — 4 supergravity 
{g^u, Aijp, t, if; = 0, xi — 0} which are supersymmetric, i.e. invariant under, at least, one 
supersymmetry transformation generated by a supersymmetry parameter ej(x). Since the 
supersymmetry variations of the bosonic fields are odd in fermion fields, these transforma- 
tions will always vanish, but the supersymmetry variations of the fermions, for vanishing 
fermions, Eqs. (|2.21|) . may only vanish for special supersymmetry parameters e/(x) (Killing 
spinors) that solve the Killing spinor equations (KSEs) 



^/^^/-^(Qmr) 1 / 2 ^/^ = 0, (3.1) 

2V2 5ai = J^e I -^mT)^F IJ -e J = 0. (3.2) 

For a known bosonic field configuration these are, respectively differential and algebraic 
equations for the Killing spinor, which may or may not exist. We want to find precisely 
for which bosonic field configurations these equations do have at least one solution e/. Our 
procedure will consist in assuming the existence of such a solution and derive consistency 
conditions for the field configurations. 

We shall be talking most of the time about supersymmetric field configurations. These 
may or may not be solutions of the classical equations of motion. There are several con- 
ceptual and practical advantages in doing so. First of all, we would like to emphasize 
the fact that supersymmetry does not imply by itself that the equations of motion are 
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solved, although in general it considerably simplifies the task of solving them. Secondly, 
it is sometimes useful to consider that there are external sources for the fields, out of the 
regions in which we are solving the equations of motion. Including those regions with 
sources implies staying off-shell. Finally, the off-shell equations of motion of theories with 
gauge symmetries obey certain gauge identities. In theories with local supersymmetry 
and for field configurations admitting Killing spinors, the gauge identities are known as 
Killing spinor identities (KSIs) jHU E2] and can be used either to reduce the number of 
equations to be explicitly checked or, having at hands all the off-shell equations of motion 
of certain field configuration as we will, they can be used as a consistency check that it is 
a supersymmetric field configuration. 

Since these identities are the first consistency conditions that can be derived from the 
KSEs, we are going to derive them in the next section. We are also going to see that they 
are related to the integrability conditions of the KSEs. then, in Section 13.21 we are going 
to explain the strategy that we will follow to find all the supersymmetric configurations. 



3.1 Killing Spinor Identities (KSIs) and integrability conditions 
of the Killing spinor equations 

Using the supersymmetry transformation rules of the bosonic fields Eqs. (I2.23I2.24|) and 
(I2.25|) we can derive relations between the (off-shell) equations of motion of the bosonic 
fields that are satisfied by any field configuration {e a ^, Ajj^, r} admitting Killing spinors 
[HUIH2!- These KSIs take, for this theory, the form 



e '^ + vm^ lj£ " = °' (3 ' 3) 
' ,£ + ^mtw>' jr = (3 - 4) 

Observe that it is implicitly assumed that the Bianchi identities are identically satisfied, 

i.e. 



Bj/ = 0, (3.5) 

and, therefore, these identities are not SL(2, IR)-covariant. We may have to take this point 
into account when comparing with the equations that we will actually find, but we can also 
find (with considerably more effort) the SL(2, M)-covariant relations between the equations 
of motion from the integrability conditions of the Killing spinor equations (j3.1j) and (|3.2jl . 

Thus, acting with on the Eq. (|3.1j) using both Eq. ()3.1j) and Eq. ()3.2j) and antisym- 
metrizing on the vector indices we get 
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, d\uTd u ]T* 
V^b^i^ = g— r^-e/ 



■| {R p „ a % K - 3m r Fu + [ ll a F KJ ~ u ] b } Wk 



(3.6) 

+ ^(3mr)- 1 / 2 {Fjj+^t - 2z3m tV^,!^ } 7 ^ J 
= 0. 

To extract from this integrability condition a relation between the equations of motion 
we act with 7^ from the left. We get 



^^Wi*] = - §V^h^/ - -7=- — - r* # 7J ) 7/ ,e J = . (3.7) 

Acting now with 7^ and using the result to eliminate £ a a we get, finally the SL(2, R)- 
covariantization of the KSIs Eq. ()3.3|) 

Similarly, the SL(2, M)-covariantization of the KSIs Eq. ()3.3|) can be obtained by cal- 
culating 2y/2 pS € Xi — and takes the form 

Fzi ~ W2 (?u ~ r &u)e J = . (3.9) 

These two identities are now manifestly SL(2, M)-covariant 7 . The comparison with our 
results will be easier if we multiply these equations by gamma matrices and conjugate 
spinors €k and e K from the left, to derive relations involving spinor bilinears. In the case 
in which the vector V a is timelike, we get 

£ ab — \^sm.£V a V b j=(3mr) 1,,2 3m (M IJ Bu a )V b = 0, (3.10) 

v2 

FV a - 1 M IJ (S IJ a -rB I j a ) = 0, (3.11) 

Qm[M I j(£ IJ a -T*B I j a )] = 0. (3.12) 

Observe that the first equation implies the off-shell vanishing of all the Einstein equations 
with one or two spacelike components. Further, the Einstein equation is automatically 
satisfied when the Maxwell, Bianchi and complex scalar equations are satisfied. 

7 See the paragraph after Eq. (|2.20() . 
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When V a is null (we denote it by l a ), all the spinors ej are proportional and we can use 
the parametrization of Eq. (jB.26|) in Eqs. ()3.8|) and (|3.9jl . Contracting with 7 using the 
normalization Eq. (JB.27)) and with the conjugate spinors e, e*, fj, r/*, where r\ is an auxiliary 
spinor with normalization Eq. ()B.33j) . we arrive at the identities 

(E\-\e/E%)l a = {S» a -\e a »E p p )m a = 0, (3.13) 

8 = 0, (3.14) 

(£j/-t*S 7 /)0 j = 0. (3.15) 

where the null complex vectors are defined in Eq. (|B.34j) . Observe that in this case super- 
symmetry implies that the scalar equations of motion must be automatically satisfied. 

3.2 Solving the Killing spinor equations 

The procedure we will follow to find the field configurations for which the KSEs admit at 
least one solution will be the following: 

1. In Section l3~3l we are going to reexpress the KSEs as differential and algebraic equa- 
tions for the bilinears (scalars, vectors and 2-forms, see Appendix [Bj) built with the 
Killing spinors. Solving the equations for all the bilinears is essentially equivalent to 
solving the KSEs. 

2. In Section 13.41 we are going to find, among the bilinears, a Killing vector V p and 
decompose the vector field strengths w.r.t. to it computing V p Fu + fJiP or V p Fu~ w in 
terms of the scalar bilinears and r and then using, Eqs. ()A.16jl if V is timelike and 
Eqs. flA.19|) if V is null. These two cases have to be studied separately. One of the 
reasons is that, in the null case, the field strength is not completely determined by 
its contractions with V, but there are more differences that we are going to explain 
shortly and require a completely separate analysis. 

3. In the timelike case, studied in Section H] we will 

(a) Substitute the expressions of the field strengths in the algebraic KSEs (S e xi — 0) 
to check that it is completely solved. 

(b) Substitute into the equations of motion and we will check whether the KSIs 
Eqs. (13.1013. 1113. 12|) are indeed satisfied or there are additional conditions to 
be imposed. This is done in two steps: first we substitute into the equations 
of motion of the vector fields and the complex scalar which we have already 
expressed in terms of the bilinears in Section 14.11 and then, after we specify the 
form of the metric in terms of the bilinears, we substitute into the Einstein 
equations in Section l4~2l Then we check the KSIs. 
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(c) Substitute, finally, into the differential KSEs {5 € ipi p = 0) to solve it finding 
additional conditions on the bilinears and the form of the Killing spinors in 
Section Ol 

The timelike case will be completely solved by then and we will study some examples. 
In the null case, which was completely solved by Tod, 

(a) As explained in Appendix |B] all the spinors ej are proportional ej = 0/e and we 
use first this information in the KSEs to obtain separate equations for the coef- 
ficients 0/ and the spinor e. This requires the introduction of a U(l) connection 
C that covariantizes the equations with respect to (opposite) local changes of 
phase of (pi and e. 

(b) All the vectors bilinears are also proportional to the Killing vector V a which 
we rename here l a . It is convenient to introduce an auxiliary spinor to build 
independent vector bilinears that constitute a null tetrad. The KSEs only give 
partial information about the derivatives of these vectors, except for l a , which is 
built with e and is always covariantly constant, the very definition of a pp-wave 

space jnninsi- 

(c) Although the vector field strengths and the derivatives of the vector bilinears 
are not completely determined, it is possible to extract information constructing 
the equations of motion and imposing the KSI. In particular we find that the 
£7(1) connection ( is trivial. 

(d) There are two different cases to be considered (A and B) which are essentially 
solved by solving first the integrability constraints. 

3.3 Killing equations for the bilinears 

We start with the equations 5 € xi — 0. We just have to multiply the from the right with 
gamma matrices and Dirac conjugates of Killing spinors. We have, in particular, from 
e K 5 eX j = 

V K j ■ dr - ^(Smr) 3 / 2 ^- ■ $ AV = , (3.16) 

and, from e Kr y p 8 e Xi = 

F u - p(7 V J K ° + ^(Smr)- 3 ' 2 (M IK d p r - <S> IK /d p r) = . (3.17) 

It is possible to derive more Killing equations for the bilinears from the dilatini super- 
symmetry rule, but it will not be necessary. 

Let us turn to the gravitini supersymmetry rules. Now we apply SL(2, M)-covariant 
derivative on the bilinears and use S e ipi p = to reexpress V^ei. We get 
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V.Mjj = ^mr) 1 l 2 F m + ^V K \ J] \ (3.18) 
V^jv = -^ r2 ^mT) 1 / 2 [M KJ F KI -^ + M IK Fj K + llv 

-<$>kj { /F ki - v)p - $ ik m ( 'F ki + \ v)p \ , (3.19) 
V^ 1Jpv = -^ r2 (^r) 1 / 2 [2g^ l F KI + lp]a V K J a + 2F KI + up V K Jll 

-3F KI + [H V K J[p] + (I <-+ J)] . (3.20) 
3.4 First consequences and general results 

Contracting the free indices in Eqs. ()3.19j) and (|3.16|) it is immediate to see that V 1 = V 1 ^ 
is a (non-spacelike, Eq. (|B.15|) ) Killing vector and 

V »d p T = 0. (3.21) 

It is also immediate to prove that 

V// = 0. (3.22) 

Let us now consider the implications of the reality constraint of the vector field strengths 
on the contraction Fki + iu>V k j u : 

Fri + nvV K / = \ekiml{Fml iw)*V J V ■ (3.23) 

Taking the SU(4) dual in both sides of this equation and taking into account the reality 
properties of the vectors V K j u , we get 

i_ £ srij Fki+ ^ v k / = _i_ [ FsR -^ V v + 2F m - tiV V J \ R f]* , (3.24) 
from which we get 

F SR -^r = -2Fj [S f^V J lR] » - [e SRIJ F KI + , v V K /] * . (3.25) 

The first and second terms in the r.h.s. of this equation can be rewritten in terms of 
scalars using the antisymmetric part of Eq. 1)3.17)1 and the complex conjugate of Eq. (j3.18j) . 
We get, at last, 

Fsr-^V = - /2 M SR dpT - 7 ^— e SRIJ V tl M IJ . (3.26) 
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The complex conjugate of this equation gives us F SR+ ^ U V U and, taking the S'?7(4)-dual 

we get F I j + flu V v etc. 

From this equation, contracting the free index with V 1 and using Eq. (j3.21j) we get 
immediately 

V»d fl M IJ = 0. (3.27) 

Now, the use that we make of this result and the subsequent analysis will depend on 
the causal nature if the non-spacelike vector V*. We must distinguish between two cases: 
the case in which it is timelike, which we consider in section 0]and the case in which it is 
null (and we rename it P), which we consider in sectional 



4 The timelike case 

If V 2 = 2M IJ M U = 2\M\ 2 ^ we can use Eq. to express entirely in terms of 

scalars, their derivatives, and using Eq. (JA.16j) : 



A ?-i*H j . (4.1) 

Here we have added a hat to V to denote the differential form V = V^dx^ and distin- 
guish its norm. 

It can be seen that this form of Fsr~ satisfies identically all the Killing spinor equations 
$eXi = 0) that we can consider solved. 

To solve the equations of motion it is convenient to have directly Fjj and its SL(2, R)- 
dual Fjj. Their expressions are, actually, somewhat simpler due to the following property: 
if dF = (which is the equation satisfied by Fjj and Fu) and £yF = then V[ At (F l/ ] p V Ap ) = 
and, locally, F vp V p = V V E for some scalar potential E. Thus, following Tod [4.J, we define 

V.Ejj = V v F 1Jvil , V.Bjj = V v F IJVil , (4.2) 
and, using the above form of Fjj~ Eq. (j4.1j) we find 

E u = 2v / 2(3mr)- 1 /2(M /J + M /J ), 

(4.3) 

Bjj = 2V2(^mr)- 1 / 2 (rM I j + T*M IJ ), 

where 



SR 



V2\M\ 2 (%mTy/ 2 



M. 



SR 



(Qmr 



dr + egRijVM 



u 



V~ z iV AdB u + 
V- 2 1 V A dE u - 



\ A ( S^dB u - ^—(1E 



Qm r 



ij 



V A ( dE u 



Qm r 



Srnr 



dB 



ij 



(4.4) 
(4.5) 
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It is worth spending a moment in checking the consistency of these results. By defini- 
tion, Bjj and Ejj must transform under SL(2, R) as Fjj and Fjj, i.e. as a doublet: 



£jj=(j^J, 4j = A^zj. (4.6) 

We can check that this is consistent with Eqs. (|4.4J) and (|4.5j) by rewriting the last two 
equations in the manifestly SL(2, M)-covariant form 



ij 



V- 2 |t> A d^/j - * V A (MSdEjj) I , (4.7) 



on account of Eqs. (I2.4l2.5jl and (ETKl) . 

On the other hand, it is easy to check that the fact that Eu transforms as a doublet is 
consistent with the transformations rules of r and Mjj alone and Eqs. (|4.H|) . 

4.1 Vector and scalar equations of motion 

Our next step consists in finding equations for Mjj and r from the equations of motion 
using the decompositions of Fjj and Fjj Eqs. (14. 4 j) and (|4.5jl in which these fields are 
written entirely in terms of those scalars and the Killing vector (1-form) V. In this process 
we are going to find derivatives of V, and we need to express these in terms of the scalars 
and V itself. 

From Eq. (|H.19jl we find that V satisfies the equation 



dV = -^(3tar) 1/2 [M IJ F/j + + M U F IJ '] . (U 



Since 



M IJ F u + = - ^y/^ PMu AV + i\VM u A V)] , (4.9) 



we get 



dV = |d|M| 2 A V + {M IJ VM U - M U VM IJ ) A V } . (4.10) 



It is also convenient to define the 1-form £ and the 2-form Q 



£ = {\M\~ 2 (MudM IJ - M IJ dM u ), 



n = 2\m\- 2 * (q-Oav 



(4.11) 
(4.12) 



£ transforms under SX(2, R) as 



(4.13) 
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i.e. as the U(l) connection Q, which makes Q invariant. The connection £ is also orthogonal 
to V and invariant under local rescalings of the scalar matrix Mjj\ 



e(A(x)M w ) = Z(Mu) , (4.14) 
a property that we will exploit later on. Further, using Eq. (|B.24J) we can write the 



curvature of this connection in the form 



M IJ 



Ad- '"''■< KL ^ - L 



-{OlJ -J [I J J]\, 



(4.15) 



2 \M\ |M| 

that relates the triviality of £ with the constancy of the projection J 1 j. 

Finally, it is convenient to rewrite the equations of motion of the vector and scalar fields 
in differential-form language 8 : 



£ 



= 8 I \dx^ = -*dF IJ - l 



£ = £V, 

where £ p is the SL(2, M) doublet formed by the Maxwell and Bianchi identities: 



£ IJ ^ = 



V„*F IJuiM 



(4.16) 
(4.17) 

(4.18) 



Using the expressions that we have found for the Maxwell fields and their SL(2, . 
duals and using the above equation for dV rewritten in the form 



<i,; ' = w A,>+2|M|2si 

we find the following two equations for M/j and r: 



(4.19) 



*£* 



MSdEjj 
|M| 2 

dr 

|M| 2 3mr 



A V 



AV 



+ dE u A n 
dr 



+ 2i 



Smr 



A 0, + 2i 



M, 



I j 



d 



( 



dM IJ 



\M\ 2 \ \M\ 2 



(4.20) 



AV . (4.21) 



These equations can be now be combined (this is the reason behind the introduction of 
V into the equation for r and the use of differential forms) and simplified. Using the new 
variables Njj defined by 



N r j = VSmrM, 



u 



N\' z = N IJ N U = 3mr|Mp 



(4.22) 



3 We add hats to denote differential forms. 
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we construct a new combination of equations that we call a IJ 

-IJ _ \ l^nU CU\ i (-^ JJ + N IJ ) ^ . nq\ 

a =iv!i^ (r8 ~ £ >~ 5 W £ ' (423) 

and, which, after some massaging, is going to have a much simpler form. To present in 
compact form the equations of motion we define these two equations 



n IJ ~ 



= (V, + 4«„) , (4.24) 



e* ee (V, + 4^) , (4.25) 

and, in terms of them, we have, switching again from differential form notation to tensor 
notation, 

a U = n IJ - N "+f J N KL n KL , (4.26) 
B IJa = V2V a \ Ke£ - i{a IJ - a IJ ) j> , (4.27) 

" IJa - V2V a { NlJ ^ IJ ®e (rS) - i(r*a IJ - T~a IJ ) \ . (4.28) 

S = \M\ 2 e + 2iN KL n KL . (4.29) 

The combination \N\~ 2 dr has U{\) charge —4 and, thus, the second equation is just 
a [/(l)-covariant divergence, the covariant derivative being constructed with the £ con- 
nection. The first equation has a similar form and, although does not transform 
covariantly under SX(2,R), the equation is SL(2, IR)-covariant up to terms proportional 
to the second equation. 



4.2 Metric equations of motion 

These are equations for the scalars Mjj and r and involve implicitly the spacetime metric, 
which is the only field not determined by them. We need to study now the Einstein 
equations and, to do it, it is convenient to choose coordinates adapted to the timelike 
Killing vector V. We define a time coordinate by 

= V2d t , (4.30) 
and the metric takes the "conformastationary" form 
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ds 2 = \M\ 2 {dt + u) 2 - \M\~\jdx i dx j 



hJ 



1,2,3 



(4.31) 



where to = Uidx 1 is a time-independent 1-form and 7^ is a time-independent (positive- 
definite!) metric on constant t hypersurfaces 9 . Since \M\ is in principle determined by the 
above equations, we only need to find equations for uj and 7. As usual, the equation for uj 
can be derived by comparing Eq. ()4.19|) for the 1-form V, with the exterior derivative of 
the expression for V in the coordinates chosen 



V = V2\M\ 2 (dt + uj) . 



(4.32) 



The result is the equation 



duj=-LQ = ^\M\- 4 *\{M IJ VM I j - M U VM IJ ) A V 



(4.33) 



Using the conformastationary metric we can reduce all the equations to equations in 
the 3 spatial dimensions with the metric 7. To start with, the equations n IJ and e defined 
in Eqs. (14.24)1 and 1)4.25)1 can be expressed in terms of 



f F)iN IJ \ 

ng = (Vi + ^f^rJ , (4.34) 

where all the objects are now 3-dimensional with metric 7, by 

n IJ = -\M\ 2 n\( ) , e = -|M| 2 e (3 ). (4.36) 
The equation ()4.33)1 for the 1-form u that enters the conformastationary metric reduces 

to 

f i:j = A\M\- 2 e ijk ^ k - Q k ) , fij = 2d m . (4.37) 

Then, we can express all the equations of motion in terms of these two equations plus 
the equation 10 

e i3 = ^(7) - 2d (l d j} (5 KL U - J K jJ L j) , (4.38) 

as follows: 

9 The components of the connection and curvature of this metric can be found in Appendix IU1 
10 This equation should be compared with Eq. I|4.15|) in which the antisymmetric part of the same 
combination appears. 
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£oo = \M\ 2 [\M\ 2 %mel 3) - 25?e {N KL nf^) + \e k k ] , (4.39) 
£oi = 0, (4.40) 

= |M| 2 (ey - , (4.41) 

{/V /J -I- N IJ 1 
— ^± Ke e (3) - 1(7$ - n 1 ^) , (4.42) 

^ r (re (3 )) - i(T*n§) - rngj) | . (4.43) 

£ = -|M| 2 [|M| 2 e ( 3)+2^ L ngf] . (4.44) 

We are now ready to check whether these equations satisfy the relations expressed in 
Eqs. (|3.10H3.l2jl . It is immediate to see that they do if the following conditions are satisfied 
off-shell: 

e {j = 0, (4.45) 

|M| 2 Ke(e (3 )) -2^m(N IJ n I ( i ) ) = 0. (4.46) 

The first equation determines the 3-dimensional matric 7 as a function of the scalars 
N IJ and says that 7 is Ricci-flat is the projection J 1 j is constant. The second equation 
can be rewritten in the form 



, (4.47) 



|M| 2 

and is the integrability condition of Eq. ()4.37|) for the 1-form u, whose existence we have 
assumed throughout all this analysis. Thus, it is not so much a necessary condition for 
supersymmetry as it is a necessary condition for the whole problem to be well defined. 

Let us summarize the results of this section: we have seen that, in the timelike case at 
hands, field configurations with a metric of the form Eq. (j4.31j) . vector field strengths of 
the form Eq. (J4.1)) and any complex scalar r, and satisfying Eqs. (|4.45jl and (|4.4fij) satisfy 
all the integrability conditions of the Killing spinor equations. 

On the other hand, all the equations of motion, including the Bianchi identities, are 
satisfied if the equations 

e( 3) =0, 4 J ) = 0, ey = 0, (4.48) 
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(were and n 1 ^ are denned in Eq. ()4.35|) and Eq. ()4.34|) ) are satisfied, and automatically 
the integrability conditions are also satisfied. 

We are now ready to check whether the Killing spinor equations always admit solutions 
for those field configurations. Thus will help us in solving the integrability conditions 
Eqs. flQKjl and (jOHjl . 

4.3 Solving the Killing spinor equations 

We have already checked that the equation 5 e xi = is automatically solved by our field 
configurations, and we only have to check that the equations 8 e ip a i = can also be solved 
for them. 

Let us consider the timelike component first. It can be put in this form: 

\M\~ l j<9 t e 7 - \M KL ViM KLlQi ej + ^ lo ^e J + ^\M\J K /AM^^J = . 

(4.49) 

Using the time-independent projector J 1 j we can split this equation into two equations: 



= 0, (4.50) 

J K jV t M Kj7l e J = 0. (4.51) 
The first equation is solved by a time independent spinor because 

ej + iV2 l0 ^e J = , (4.52) 

due to the Fierz identity 

M /J e J = |V° 7a e / , (4.53) 

and our choice of Vierbeins. For generic (i.e. not built from already-known Killing spinors) 
scalars Mu the above relation would be a constraint breaking 1/2 of the supersymmetries 
to be imposed on the Killing spinors whenever M kl V{Mkl 7^ 0. The counting of unbroken 
supersymmetries is, however, a bit more subtle and depends on the triviality of the U{\) 
connection £: if £ is a total derivative the projection J 1 j is constant and a global SU(4) 
rotation suffices to set to zero two of the chiral Killing spinors. This is the procedure 
followed by Tod in Ref. [I], where he solved the constant Jj {internally rigid) case by 
setting to zero two of the spinors, breaking the explicit 577(4) covariance of the solutions. 
The solutions found by Tod preserve, then, generically, 1/4 of the supersymmetries 11 . If 
J 1 j is not constant, £ is non-trivial and the 4 Killing spinors cannot be related by global 

11 The conditions under which 1/2 of the supersymmetries are preserved were studied in Ref. [H]- 



d t ei 



\M KL 



ViM KL -f 0i 



i— M u T 



\M\ 
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SU (4) rotations, but we are now going to see that this case can also be solved introducing a 
new projection on the Killing spinors which also reduces the amount of generically preserved 
supersymmetries to 1/4. 

Now, using time-independence of the Killing spinors and Eq. (|4.52jl . the spacelike com- 
ponents of 5 e ip a i = take the form 



1 M KL djM KL 
1 2 |M| 2 



e/ = , (4.54) 



which can be rewritten in the form 



(V i -z^)(|M|- 1 / 2 e / ) = 0. (4.55) 
The integrability condition for this equation is 

[Riikt-f + = • ( 456 ) 

This equation can be solved in essentially one way, up to local Lorentz transformations: 

R 12 12 = ±2(d0ia , «7i2)e/ = , (4.57) 

the remaining components of the curvatures being zero. In terms of the connections 
we should have, in the appropriate Lorentz frame, the following relation between the 3- 
dimensional spin connection o 1 - 7 and the U(l) connection £: 

f = ±\o 12 (x x , x 2 ) + \d\(x l , x 2 , x 3 ) , (4.58) 

for some 3-dimensional 1-form ( and some real scalar function A. If complex scalars M IJ 
and 3-dimensional metric 7^ exist such that the above condition is met, then there are 
Killing spinors of the form 

ej = e 4*|M l^e, , {£ - |dA)^(l =F i 7 i 2 )e/ = . (4.59) 

The relation between the spin connection and the U(l) connection is just the require- 
ment that the 3-dimensional metric has U(l) holonomy, which implies that it is reducible 
to the direct product of a 2- and a 1-dimensional metric and, thus, can always be written 
in the form 

jij-dx^xi = dx 2 + 2e 2U{z ' z * ) dzdz* , (4.60) 
which, in turn, implies that £ is given by 

£ = ±i(d s Udz - dz*Udz*) + \d\(x, z, z*) . (4.61) 

Let us summarize the results of this section. We have found that, to construct a 
super symmetric configuration (not necessarily a solution) of pure, ungauged, N = 4, d = 4 
supergravity amounts, now, to 
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1. Find a set of time-independent complex scalars M IJ satisfying e ijkl MijMkl — 
such that the U(l) connection £ defined in Eq. (|4.11|) can be written in the form 
Eq. (j4.61j) . The integrability condition Eq. (|4.45J) should automatically be solved by 
this choice. 

2. Find r by solving the integrability condition Eq. ()4.47|) of the defining equation of 
the 1-form w (jOSjl . 

If we want the supersymmetric configuration to be a solution of the equations of motion, 
we also need to impose Eqs. (|4.H4jl and (|4.H5jl . but we do not need to check the integrability 
condition Eq. (|Q7j) . 

In the next section we study different solutions to these equations. 

4.4 Supersymmetric configurations and solutions 

According to the recipe of the previous section, our first step in finding supersymmetric 
configurations and solutions is to find the complex scalars M IJ satisfying e ijkl MjjMxl = 
and such that £ can be written in the form Eq. (|4.61|) . The first condition can be easily 
met, for instance, by taking only Mi2,M\s and M23 non- vanishing, but we prefer not to 
make any specific choice that would break SU(4( covariance. The second condition can be 
solved by the following Ansatz 

Mu = e iX ( x > z > z ^M(x,z,z*)k IJ (z) 7 M = M* , A = A* , e IJKL k u k KL = , (4.62) 
which give a connection £ of the form Eq. (j4.61|) with 

U=+\n\k\, \k\ 2 = k IJ {z*)kjj{z), (4.63) 

and satisfies automatically the integrability condition Eq. (I4.45J) . 

Solving the integrability condition Eq. (|4.47jl is considerably more difficult and consid- 
ering solutions (instead of general configurations) simplifies the problem. We have found 
three families of solutions. 

1. If the kjj are constants, then, normalizing \k\ 2 = 1 for simplicity, £ = |c?A and U — 0. 
This is the case considered by Tod in Ref. |3] and studied in detail in Ref. 0. Tod 
took advantage of the fact that = implies that J 1 j is constant and a global 
SU (4) rotation can be used to set to zero two of the e/s. We will not do so, as this 
breaks the explicit SU(4) covariance, but our results are, of course, equivalent. 

Eq. (j4.34j) takes the form 

did^Hx = , Hx = [(Smr) 1 /^-'*!]" 1 , (4.64) 
and is solved by any arbitrary complex harmonic function Tii. 
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Using the above equation, Eq. ()4.35|) takes the form 



didiCHtr) = , (4.65) 

which is solved by 

r = n 1 /H 2 , d l H 2 = 0, (4.66) 

another arbitrary complex harmonic function. The pair of harmonic functions and 
the constants determine completely the solutions. In particular 

|M|" 2 = M~ 2 = $sm(H 2 Hi) . (4.67) 

2. If e lX = M = 1, the integrability condition Eq. 1)4.47)1 can be solved by taking r 
constant. The only non-trivial equation of motion, Eq. ()4.34j) is solved using the 
holomorphicity of the kjjs. The metric takes the form 

ds 2 = \k\ 2 (dt + LJxdx) - \k\' 2 dx 2 - 2dzdz* , (4.68) 

where uj% satisfies 

- dxUx = dz* | k\~ 2 , d^Ux - dxUz* = d^\k\~ 2 , d^w* - djog = . (4.69) 

The metric and the supersymmetry projectors indicate that these solutions describe 
stationary strings lying along the coordinate x, in spite of the trivial axion field, 
which is the dual of the Kalb-Ramond 2-form B that couples to strings. Observe, 
however, that the duality relation is not simply dB = *da: there are terms quadratic 
in the field strengths involved in the duality which must render B non-trivial. 

The metric the the vector fields involved depends strongly on the choice of holomor- 
phic kijs. It is instructive to have an example completely worked out. 

Let us consider the simplest case: only ku = non-trivial. This allows us to set 
ujz = oJz* = 0. Then, \k\ 2 = \z\~ 2 and = 2Ke(z 2 ) and the full solution is given by 

ds 2 = T^[dt + 2^e(z 2 )dx} 2 - \z\ 2 dx 2 - 2dzdz* , 
\ z \ 

\/2e*°/ 2 

F 12 = -Z— — {[dt + 2^e(z 2 )dx] A dz - i*[\dt + 2^e(z 2 )dx} Adz}} = (F U Y, 
z 2 

(4.70) 
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3. The only solutions that we have found with A and the kjj(z)s simultaneously non- 
trivial have just A = A(x) and M = M(x) and are a superposition of the solutions 
with constant ku and the solutions with constant A in which these functions depend 
only on mutually transversal directions. 

Thus, these solutions depend on holomorphic functions ku(z) chosen with the same 
criteria as in the previous case, and a pair of complex functions 7^1,7^2 linear in x 
such that SniT > 0, and the metric is given by 

ds 2 = {M\k\) 2 {dt + uj^dx) - {M\k\)~ 2 dx 2 - 2M~ 2 dzdz* , (4.71) 
where M is again given by Eq. (|4.67j) . 

5 The null case 

As we have mentioned before, the null case was completely solved by Tod in Ref. [3], but 
we include it her for the sake of completeness. 

As explained in Appendix El hi the null case all the spinors a proportional ej = (pie. 
In the N = 4, d = 4 case at hands, ej has a £7(1) charge under SL(2,M) transformations 
that has to be distributed between 0/ and e. We choose to have the 4>i uncharged. Had 
we chosen to have 0/ is charged with charge ^ 0, then the real 1-form 

C = ifadtf , (5.1) 

would transform as a U(l) connection under SL(2, M) transformations as well and would 
play a role analogous to that of the connection £ in the timelike case. With our choice, 
( is just a U(l) connection under the transformations Eq. ()B.28|) and covariantizes with 
respect to them the expressions that involve e. 

We are now going to substitute ej = <pje into the KSEs and we are going to use the 
normalization condition to split the KSEs into three algebraic and one differential equation 
for e. One of the algebraic equations for e will be a differential equation for (pj. 

The substitution yields immediately 

^ + = 0, (5.2) 

frJ^t-M^Tfl'frj-^e* = 0. (5.3) 
Acting on Eq. ()5.2)1 with 7 leads to 

2V = ~¥V^ie , (5.4) 

which takes the form 



26 



V^e=(V^ + iQe = 0, (5.5) 

and becomes the only differential equation for e. We have defined the derivative T> covariant 
with respect to SL(2,M) and U(l) local rotations under which e and <pi have charges +1 
and —1, respectively. Using Eq. ()5.5|) into Eq. (|5.2j) to eliminate V^e we obtain 

^ e - ^(^mr^F^V^Ve* = , (5.6) 

which is one of the algebraic constraints for e and is a differential equation for <pj. 

Acting with (ft 1 on Eq. ()5.3|) we see that it splits into two algebraic constraints for e: 

j^re = 0, (5.7) 

frj-^e* = 0. (5.8) 

Finally, we add to the system an auxiliary spinor rj, introduced in Appendix [Bl with 
charges opposite to those of e. The normalization condition Eq. (jB.27|) will be preserved 
if and only if rj satisfies a differential equation of the form 

Dtf + a M e = , (5.9) 

where a M is, in principle, an arbitrary vector with the right charges that transforms under 
the redefinitions Eqs. (jB.36|) and (jB.37|) as a connection 

< = <V + <V- (5.10) 

In practice, however, a M cannot be completely arbitrary since the integrability condi- 
tions of the differential equation of rj have to be compatible with those of the differential 
equation for e and this requirement will determine a M . 

Before we start a systematic analysis of these equations, it is worth comparing Eq. ()5.5j) 
to Eq. ()4.55|) and their integrability conditions which have the same structure except for the 
important detail of the dimensionality and signature. Therefore, we expect two main types 
of solutions: configurations with U(l) holonomy on a 2-dimensional (spacelike) subspace 
and configurations with U(l) holonomy in a null direction, which is the new possibility 
allowed by the Lorentzian signature. These expectations are also supported by the Fierz 
identities 



fhe = —ie, (5-H) 

/e* = 0, (5.12) 

which are satisfied automatically here, but will be interpreted as projections. 
We will call these two possibilities B and A respectively. 
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5.1 Killing equations for the vector bilinears and first conse- 
quences 

We are now ready to derive equations involving the bilinears, in particular the vector 
bilinears which we construct with e and the auxiliary spinor 7] introduced in Appendix [Bj 
First we deal with the equations that do not involve derivative of the spinors. Acting with 
e on Eq. (|5.fi|) and with e*7^ on the complex conjugate of Eq. (|5.8j) we get 

tfFu+^V = 0, (5.13) 

e IJKL <t>jF KL +^r = 0. (5.14) 
Acting with e* and 7]* on Eq. ()5.7|) we get 12 

I -Or = 0, (5.15) 

m*-dr = 0. (5.16) 
Now, from Eqs. ()5.5j) and (j5.9j) we find 

V„Z„ = 0, (5.17) 
= ~ a ^ m v - a^m* u , (5.18) 
V tl m u = -a^ly . (5.19) 



Let us now find the simplest implications of these equations. 

To start with, Eqs. (|5.1Hj) and (j5.14j) . together, imply for nonvanishing (pi 



13 



F I j + (a ,l v = 0. (5.20) 
Using Eq. ()A.19|) . we see that the vector field strengths must take the form 



13 



'13 



\T u lNm\ (5.21) 
\TijlNm, (5.22) 



1.2 



The first of these equations had already been obtained in the general case Eq. (|3.21f> . 
13 This equation also follows from the general result Eq. 1)4. lfl for vanishing scalars M/j. 



28 



where Tu is a skew-symmetric SU(4) matrix of scalars to be determined and Tu is its 
SU(A) dual. 

This solves completely Eq. (j5.8|) . as can be seen using the Fierz identity 

Z M yV = 3ZV , (5.23) 

and we can substitute Eq. (|5.21|) into Eq. ()5.6|) the only remaining equation in which vector 
field strengths occur. Using the Fierz identities 



it takes the form 



from which we find 



/e* = 0, (5.24) 
fn*e* = -ie, (5.25) 

A^/ - i^^rf/^u^l^ = 0, (5.26) 

= (J^M,2 nlXf) ^ ■ ( 5 - 27 ) 
On the other hand, from Eqs. (j5.15j) and (|5.1fij) we find that 

dr — Al + Bin* . (5.28) 

There are two cases to be considered here: case A (B = 0) and case B (B ^ 0). In 
case B, we can write 

dr = B (W + ^ l^j = Bm*' , (5.29) 

after a redefinition of the type Eqs. ()B.36j) and ()B.37j) . All the equations that we have 
written so far are covariant with respect to this kind of transformations and we just have 
to add primes (which we suppress immediately afterwards) everywhere. Thus, the case B 
is equivalent to A = and we can always assume that either A or B is always zero. Since 
the connection Q depends on r, the holonomy is different in these two cases. These are 
the two cases we mentioned at the end of the previous section and we will deal with them 
separately afterwards. 

5.2 Equations of motion and integrability constraints 

Although we have not yet discussed the form of the metric, we already have enough infor- 
mation to study the equations of motion and check whether they satisfy the integrability 
conditions Eqs. (l3~T3l - (j3~T5l) . 
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Using the results of the previous section, we can write the equations of motion in the 
form 14 



8 



Rpv + 
1 



Qm t 



\A\ 



\B\ 2 
+ 2(3mr) 2 

'£?| 2 " 



l^A* - B^ + m^B* + ^ 



xsmr 



iu-T*Bu = -ifSmTjd^jiAm*). 
Substituting into Eqs. ()3.13|) - ()3.15|) and operating, we get 



m^m*) , (5.30) 

(5.31) 
(5.32) 



(5.33) 



Fd^A* - B*Fa fJL + m^V^B* + f ^ 



51 



^m r 



0. 



(5.34) 

(5.35) 
(5.36) 



We do not have a metric yet, but we can find R^ v l v and R^ v m u from the integrability 
conditions of Eqs. (J5.5)) and (|5.9j) . Commuting the derivative and projecting with gamma 
matrices and spinors in the usual way, it is easy to find from Eq. ()5.5j) 



ID IV 



(5.37) 



= +2z(dC)^m ,/ - 2z(dQ) 



and from Eq. (|5.9j) 



+2i(dC)^ 1 ' + 



I-BI 



4(3mr 



m,, 



fl^m" = 2z(dC)^ - 2i{dQ) ia ,m v + 2(da)^ 



(5.38) 



4 We have ignored all the terms that contain products AS etc. 



30 



\B 



2 



= +2i(d()^m u + ' 1 „ m M + 2(rfa) At X , (5.39) 

-R^^ = 2i(d() liu n u - 2i(dQ) llu n u + 2(da) l _ iu m* u 

= 2i{dC,)^n v + 2{da) lxv m* v . (5.40) 
Comparing now these three sets of equations, we get 

(dCW = (^C)m^ = » =^C = 0, ^C = ^a, (5-41) 
locally, and, eliminating C by a local phase redefinition, 

{da)^r = 0, (5.42) 

(da)^ u m* u = -\R^ u n u , (5.43) 

which tell us that 

da = -\R z * u m Am* + \R U J A m + CI Am* , (5.44) 

where C is a function to be chosen so as to make this equation (and, hence, Eq. ([5.9)1 ) 
integrable. 

Once ( has been eliminated, we can solve Eq. 1)5.27)1 of Tu as follows: 

Tu = j0^ n "( d MH ■ ( 5 - 45 ) 

5.3 Metric 

At this point we need information about the exact form of the metric. The most important 
piece of information comes from the covariant constancy of the null vector Z M . Metrics 
admitting a covariantly constant null vector are known as pp-w&ve metrics and were first 
described by Brinkmann in Refs. |M) . Since is a Killing vector and dl = we can 
introduce the coordinates u and v 

l^dx" = du, (5.46) 



«*, . |. (5.47) 

The previous results imply that all the objects we are dealing with (r, </>/, J~u) are inde- 
pendent of v. 
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Using these coordinates, a 4-dimensional pp-wave metric takes the form 15 

ds 2 = 2du(dv + Kdu + uj) — 2e 2U dzdz* , uj = uj^dz + ujz*dz* , (5.48) 

where all the functions in the metric are independent of v and where either K or the 1-form 
uj could, in principle, be removed by a coordinate transformation. In this case, however, 
we have to be very careful because we have already used part of the freedom we had to 
redefine the spinors, and, therefore, the null tetrad, and we have to check that the tetrad 
integrability equations ()5.17|) - f)5.19|) are satisfied by our choices of e u , K and uj. 
We are now ready to study and solve each case separately. 



5.4 Case A 

This is the B = case, dr = Al implies that r = t(u) and A = f. The connection Q can 
be integrated 

Q = d(3(u) , (5.49) 
and can be eliminated from all the equations by absorbing a phase into the spinors: 

e~ ip e = e', e if3 r] = rf , (5.50) 

and similarly on the null tetrad. 

To fix the form of the metric, we study the antisymmetric part of Eq. (j5.19j) 

dm + aAl = dU A m + a A I — , (5.51) 
which implies that U only depends on u and 

a = Um + Cl, (5.52) 

where D is a function to be found. Substituting into the antisymmetric part of Eq. ()5.18|) 
we find 

dh + a* A to + a A m* = dh + C*l A m + CI A m* = , (5.53) 
which is solved by 

n = dv + Kdu , C* = -e- u d,K . (5.54) 

Now, comparing Eq. (|5.52|) with Eq. (|5.44j) we find that R uz = which implies (since 
u = 0) that U = 0. 

Finally, to ensure supersymmetry, the integrability conditions Eqs. (j5.33j) - (j5.36j) have 
to be satisfied, and, with constant U all of them are automatically satisfied. 



15 



The components of the connection and the Ricci tensor of this metric can be found in Appendix IdI 
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It also follows form the previous equations that the 0/s can only depend on u and Tjj 
is given by 



TlJ = • ( 5 - 55 ) 



Now, let us consider the equations of motion. The scalar, Maxwell and Bianchi equa- 
tions are automatically satisfied and the Einstein equation can be solved by a K satisfying 



T 



2 



2d z d z *K = ' 1 + ^mr^ . (5.56) 
These solutions preserve generically 1/4 of the supersymmetries. 

5.5 Case B 

This is the A = case. If we choose m* = e u dz*, then dr = Bm* implies r = t(z*) and 
Be u = dz*T. Substituting the corresponding connection 1-form Q into Eq. (j5.19j) one finds 

B* = jS^, (5.57) 

a = —dulrigm + Dl , (5.58) 

where g is a holomorphic function of z and D is a function to be determined. The first of 
these relations tells us that 

e u 

d z T* = u7a0(*> M ) ' ( 5 - 59 ) 

is a holomorphic function of z, independent of u, and taking the derivative of both sides 
with respect to z* we get 



(5.60) 



/(«)' 

where /(«) is a real function of m. 

Substituting now a into the antisymmetric part of Eq. ()5.18j) we find that n is given by 

h = dv + u , (5.61) 
(so K = in the metric Eq. (|5.48jl ) where the 1-form uj satisfies 

fzz* = e 2U du\n [Bj B*) = , (5.62) 

and D is given by 
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D* = -Cjz_e~ u . (5.63) 

Now that we have determined a we have to check that it satisfies the integrability 
condition Eq. ()5.44|) . This requires the following equations to be satisfied: 



Ruz* 



2 Qm r 



R uu -[dl\nf + d li \nfdu\nf]~2e- u d,D = 



(5.64) 
(5.65) 



C-e~ u dz*D = 0. (5.66) 

Comparing with the integrability conditions Eqs. f)5.33|) - ()5.36|) . we conclude that / must 
be a constant that we normalize / = 1 and that u must be exact, and we can eliminate it. 
Further, the 0/S must be constant and the vector field strengths must vanish. 

All the equations of motion are automatically satisfied in these conditions, and the 
solutions are the stringy cosmic strings of Ref. |63j . 

Our result differs from Tod's, who used r and r* as coordinates and found very similar 
solutions with nontrivial uj that depend in a very complicated way on a function g(r, u) an 
its complex conjugate. This function could be eliminated by a coordinate change in which 
all the u dependence and the 1-form to disappear, recovering the stringy cosmic string 
solutions. 
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A Conventions 
A.l Tensors 

We use Greek letters fi,v,p,... as (curved) tensor indices in a coordinate basis and Latin 
letters a,b,c. . . as (flat) tensor indices in a tetrad basis. Underlined indices are always 
curved indices. We symmetrize () and antisymmetrize [] with weight one (i.e. dividing by 

n\). We use mostly minus signature (H ). 77 is the Minkowski metric and a general 

metric is denoted by g. Flat and curved indices are related by tetrads e a M and their inverses 
e a M , satisfying 
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eSefg^ = i] ab , e a ^e\r] ab = g^ . (A.l) 

V is the total (general- and Lorentz-) covariant derivative, whose action on tensors and 
spinors (ip) is given by 

v M e = d^ a +^ b a e, (a.2) 

where is the antisymmetric product of two gamma matrices (see next section), uj^ b a 
is the spin connection and Y pp v is the affine connection. The respective curvatures are 
defined through the Ricci identities 

[v„,v„U' = iWWr + V^e, 

[V„,V„U a = VH^, (A.3) 

[V M ,V,]V = -^^HTotV'- 
and given in terms of the connections by 

iV/(r) = 2^r v] / + 2r MA ff iV, 



These two connections are related by the tetrad postulate 



(A.4) 



V M e/ = 0, (A.5) 

by 

0J IM b = r iM b + e a v d li e v b , (A.6) 
which implies that the curvatures are, in turn, related by 

iW CT (r) = e/e^i^aV) • (A.7) 

Finally, metric compatibility and torsionlessness fully determine the connections to be 
of the form 

IV P = \g pa {<9 M sw + d u g^ - d a g^} , 

(A.8) 

^abc ^abc 4" ^6ca ^cafe 5 ^ai> ^a^^b ^[^6 v j . 
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The 4-dimensional fully antisymmetric tensor is defined in flat indices by tangent space 



by 



and in curved indices by 



e 0123 = +l, 



^013 — —1 j 



n\ p^ 1 ... p^ 3 P a i-az 
y I a\ t> a3 c 



(A.9) 



(A.10) 



so, with upper indices, is independent of the metric and has the same value as with flat 
indices. 

We define the (Hodge) dual of a completely antisymmetric tensor of rank k, F^) by 



1 e Mi--M(d-fc)/ 1 (d-fc+i)---Md p 



kW\9\ 



( fc )M(d-fc+l)"Md 



Differential forms of rank k are normalized as follows: 



F {k) = ^F {k f^dx 1 A---dx k . 
For any 4-dimensional 2-form, we define 

F ± = ±(F±i*F), ±i*F ± = F ± . 
For any two 2-forms F, G, we have 

F ±. G t = 0i ^.^ = 0. 



(A.ff) 



(A.12) 



(A.13) 



(A.14) 



Given any 2-form F = \F^ v dx^ Adx v and a non-null 1-form V = V^dx^, we can express 
F in the form 



F = V- 2 [E AV -\B AV)}, 



E„ 



F V v 

1 UU v ) 



For the complex combinations F ± we have 



(A.15) 



F ± = V-^C* AV±i XC* A V)] , C± = F±V U . (A.f 6) 

If we have a (real) null vector we can always add three more null vectors n M , m* M 
to construct a complex null tetrad such that the local metric in this basis takes the form 



(A.17) 



/Of \ 
10 
-1 
\ -1 J 

with the ordering {l,n, m, m*). For the local volume element we obtain e lnmm * = i. The 
general expansion in the dual basis of 1-forms (i,n,m,m*^j of F + depends on three arbi- 
trary complex functions a, b, c 
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F + = a (l An + mAm*j +bl Am* + ch Am, F~ = (F + )* . (A. 18) 

Then, in this case, F is not completely determined by its contraction with the null vector 
I, but 



F + = L ± An±*(L ± An)+blAm, = F ± fJi J" = a/ M — cm^ . (A. 19) 

A. 2 Gamma matrices and spinors 

We work with a purely imaginary representation 

7 a * = -7 a , (A.20) 
and our convention for their anticommutator is 

{y\ 7 6 } = +2rA (A.21) 

Thus, 

7°7 a 7° = 7 at = 7 a " 1 = 7a. (A.22) 
The chirality matrix is defined by 



75 = -z 7 °7 1 7 2 7 3 = 7re afecd7 a 7 b 7 c 7 d , (A.23) 



and satisfies 



7 5 f = -75* = 7s , (7s) 2 = 1 • (A.24) 
With this chirality matrix, we have the identity 

(-DW2U 

7 - -n rr e 7&i-b4-„75 • [A. 2b 

(4 — nj! 

Our convention for Dirac conjugation is 

i) = # f 7o ■ (A.26) 

Using the identity Eq. (jA.25|) the general d = 4 Fierz identity for commuting spinors 
takes the form 

{\M X )$N<p) = i^JV^^ + KAMT'JV^^Ta^-lCAMT^JV^^x) 
-i(AM 7 a 75 iV^)(^7 a 7 5X ) + \{XMj s N(p)(^j sX ) • 

(A.27) 
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We use 4-component chiral spinors whose chirality is related to the position of the 
SU(A) index: 

75X/ = +Xi , 75VV = -V'm-T > 75£/ = -e/ • (A.28) 
Both (chirality and position of the S77(4) index) are reversed under complex conjugation: 

%X*i = 75X 7 = -X 1 , 75^/^75^/ = +^/, 75 e} = 7 5 e 7 = +e 7 • (A.29) 
We take this fact into account when Dirac-conjugating chiral spinors: 

x'^KxiVlo, X I l5 = ~X I , etc. (A.30) 

The sum of the two chiral spinors related by complex conjugation gives a standard 
(real) Majorana spinor with an 577(4) index with the complicated transformation rule of 
Ref. jSSl- 

B Fierz identities for bilinears 

Here we are going to work with an arbitrary number N of chiral spinors, although we 
are ultimately interested in the N = 4 case only. Whenever there are special results for 
particular values of N, we will explicitly say so. We should bear in mind that the maximal 
number of independent chiral spinors is 2 and, for N > 2 (in particular for N = 4) N 
spinors cannot be linearly independent at a given point. This trivial fact has important 
consequences. 

Given N chiral commuting spinors ej and their complex conjugates e 1 we can con- 
structed the following bilinears that are not obviously related via Eq. (jA.25|) : 

1. A complex matrix of scalars 

Mu^ejej, M IJ = e V = (M 7J )* , (B.l) 
which is antisymmetric Mjj = —Mjj. 

2. A complex matrix of vectors 

V'ja = ie'^ej , Vj J a ee ie lla e J = (F J Ja )* , (B.2) 
which is Hermitean: 

(V'jaf = Vj J a = V J Ia = (V'jaf . (B.3) 
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3. A complex matrix of 2- forms 



®ij ab = en ab ej , $ /J af) = e 7 7ab e J = {M u )* , (B.4) 
which is symmetric in the SU(N) indices <&u a b = &jiab and, further, 

*®IJab = -i^IJab => <5>IJab = <5>IJ + ab- (B.5) 

As we are going to see, this matrix of 2-forms can be expressed entirely in terms of 
the scalar and vector bilinears. 

It is straightforward to get identities for the products of these bilinears using the Fierz 
identity Eq. (|A.27|) . First, the products of scalars: 

MjjM kl = \M IL M KJ -\<$> IL -<$> KJ , (B.6) 

MjjM kl = -\V L i-V K j. (B.7) 
From Eq. (jB.6|) immediately follows 

M I{J M KL] = , (B.8) 
which is a particular case of the Fierz identity 

6 {J M KL] = . (B.9) 
For N — 4, 8, . . ., Eq. (jB.8|) implies, in turn 

PfM = ^detM = 0. (B.10) 
For iV = 4 we can define the S'L r (4)-dual of Mu 

M u = \suklM kl , e 12U = e 12U = +1 , (B.ll) 
and the vanishing of the Pfaffian implies 

M u M IJ = 0. (B.12) 
From Eq. (jB.7|) and the antisymmetry of M immediately follows 

V\ ■ V K j = -Vj ■ V K L = -V K L ■ V T j , (B.13) 
which implies that all the vector bilinears V 1 j a are null: 

V I j-V I J = 0. (B.14) 
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On the other hand, from Eqs. (jB.13|) and (|B.7|) follows the real SU(N) -invariant combina- 
tion of vectors V a = V 1 j a is always non-spacelike: 

V 2 = -V 1 j ■ = 2M IJ M U > . (B.15) 
The products of M with the other bilinears 16 give 

MjjV K La = \M IL V K Ja + \<b ILba V K j\ (B.16) 

M u ® KL a b = V L I[a \V K j\ b] -{e ab cd V L Ic V K Jd . (B.17) 
Now, let us consider the product of two arbitrary vectors 17 : 

V I Ja V K Lb = ie^V'LcVXjd + y J L (0 |V*j| 6 ) - \9a h V l L ■ V K j . (B.18) 
For V 2 this identity allows us to write the metric in the form 

g ab = 2V~ 2 [V a V b - V'jaV 1 !,} . (B.19) 
Following Tod [3], for V 2 ^ we introduce 

J 1 j - 2M [ K M f K = , W\ 2 = M™M LM = \V 2 . (B.20) 
Using Eq. (jB.6|) we can show that it is a Hermitean projector whose trace equals 2: 



J 1 jJ J k = J*k , J 1 ! = +2 . (B.21) 
Further, using the general Fierz identity we find 

J*je J = e I , e I J I j = e J , (B.22) 

which should be understood for N > 2 of the fact that the e 1 are not linearly independent 18 . 
As a consequence of the above identity, the contraction of J with any of the bilinears is 
the identity. Using this result and Eq. (|B.17|) . we find 

KL 2M IK M„ JL 2M IK L M IK cd L 

ab = — \M[ 2 — ab = 'jM\ r I[a b] ~ IMP €ab V IcVd - (B ' 23 ^ 



Other useful identities are 



MjjM kl _ K t 

| M |2 ~ J l lJ J l' [ ^- 2A > 



16 We omit the product Mjj&KLab which will not be used. 

17 The product V 1 j a V L K \ gives a different identity that will not be used 

18 For N = 2 J 1 j = 5 1 j. See later on. 
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^j-J'j^J'j, (B.25) 



and 

2M IK M JK 
\M[ 2 

which is the complementary projector. 

In the null case V 2 = \M\ 2 = it is customary to write l a = V 1 j a . Since \M\ 2 is a sum 
of positive numbers, each of them must vanish independently, i.e. M IJ = 0. This implies 
that all spinors e 1 are proportional and one can write 

ej = 0je, (B.26) 

for some complex functions 0/ which transform as an SU(4) vector, and some negative- 
chirality spinor e. These are defined up to a rescaling by a complex function and opposite 
weights. Part of this freedom can be fixed by normalizing 

0/^ = 1, 0' = 0j. (B.27) 

Then, the only freedom that remains in the definition of (j) 1 is a change by a local phase 
9{x) 

0/ -> e ie 0/ , e -> e" ie e . (B.28) 

In this case on can construct another Hermitean projector K 1 j that plays a role anal- 
ogous to that of J 1 j in the non-null case: 

K l j = 4> l fa> (B.29) 

which satisfies 

K}jK 3 K = 1C J k , IC 1 ! = +1 , (B.30) 

and 

K I je J = e I , e I JC I j = e J , (B.31) 

which expresses the known fact that only one spinor is linearly independent in this case. 
In the null case, all the vector bilinears are also proportional to the null vector I: 

V I Ja = K I jl a . (B.32) 

Once e is given, we may introduce an auxiliary spinor with the same chirality and 
opposite £7(1) charge as e and normalized against e by 

er] = I , (B.33) 

where e = ie T ^Q. With both spinors we can construct a complex null tetrad with metric 
Eq. ()A.17j) as follows: 
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I? = «e*7M e > n » = iiflv?) > "fy = ie *lfiV = ir lln e * , m li = it-lpjf = iv*lv e ■ ( B -34) 

The normalization condition (|B.27|) does not fix completely the auxiliary spinor r\ and 
the freedom in the choice of i] becomes a freedom in the null tetrad. First of all, there is 
a U(l) freedom Eq. (|B.28J) under which rf = e rj and 

I' = I , ri = n, m! = e 2ie m . (B.35) 
Further, we can also shift rj by terms proportional to e preserving the normalization 

r]' = r] + 5e. (B.36) 
Under this redefinition of r], the null tetrad transforms as follows: 

l' = l t ri = n + 5*m + 5m* + \5\ 2 l , m = m + 51 . (B.37) 
B.l The N = 2 case 

Here we describe some of the peculiarities of the N = 2 case in which the number of spinors 
is precisely the necessary to construct a basis at each point. 

In the N = 2 case there is only one independent (complex) scalar X since 

ejej = Xeu , (B.38) 
where e/j is the (constant) 2-dimensional totally antisymmetric tensor. It follows that 

\M\ 2 = 2\X\ 2 , (B.39) 
and, using ejje KL = Sjj KL we can show that the projector 

J I j = 5 I j. (B.40) 
In the \M\ 2 ^ case, the four vector bilinears V 1 j M can be used as a null tetrad 

l» = V\ ll , rv = V%, m li = V 1 2ll , m; = V 2 lAt ,. (B.41) 
Alternatively, one can use the four combinations 

V% = ^V 1 j ! , (B.42) 

with a = 1 and a % the three (traceless, Hermitean) Pauli matrices as an orthonormal 
tetrad in which V° is timelike and the V 1 are spacelike. 
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C Connection and curvature of the conformastation- 
ary metric 

A conformastationary metric has the general form 

ds 2 = \M\ 2 (dt + uj) 2 - |M|- 2 7ycfaW, i,j = 1,2,3, (C.l) 

where all components of the metric are independent of the time coordinate t. Choosing 
the Vielbein basis 

\M\ \M\ui 

M =1 I , (e/) =1 I , (C.2) 



o IMhV 




where 



lii = Vi k v/5ki, vrVk 3 vj, Ui = Vi J -Wj_, (C.3) 
we find that the spin connection components are 

^ooi = —di\M\, uj Qi j = \fij, 



^ioj — tJoij , Wijk — — \M\oijk — 26tfjdk]\M\ , 

where <V fe is the 3-dimensional spin connection and 



(C.4) 



di = ViWj_ , fij = vrVffu , hj = ZdiiUj] . (C.5) 
The components of the Riemann tensor are 

Roioj = \^idj\M\ 2 + di\M\dj\M\ - %(«9|M|) 2 + \Vi\M\ G f ik f jk , 
Roijk = -^(iMlV^ + l/ibAilM^-i^/fcj^lMl 4 , 

R ijkl = -\M\ 2 R ljkl + - f k[i f B ) - 25 tjM (d\M\) 2 + 4\M\8 { PV 5] &\M\ , 

(C.6) 

where all the objects in the right-hand sides of the equations are referred to the 3- 
dimensional spatial metric. The components of the Ricci tensor are 

R 00 = -|M| 2 V 2 log|M|-i|M| 6 / 2 , 

R 0t = iVj-OMlVii) , (C7) 
Rij = |M| 2 {i^ + 2d % log \M\dj log \M\ - (%V 2 log \M\ - \\M\ A f ik f jk } , 
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and the Ricci scalar is 

R= -\M\ 2 {R- \\M\ 4 f -2V 2 log|M| + 2(<91og|M|) 2 }, (C.8) 

D Connection and curvature of a Brinkmann pp-wave 
metric 

We rewrite here for convenience the 4-dimensional form of these metrics: 

ds 2 = 2du(dv + Kdu + uj) — 2e 2U dzdz* , uj = uj^dz + uj z *dz* , (D.l) 

where all the functions in the metric are independent of v. 

Using also light-cone coordinates in tangent space, a natural Vielbein basis is 

e u = du — I , e u = du — Kdy = n^d^ , 

e v = dv + Kdu + uj = h , e v — dy = l^d^ , 

e z = e u dz — m, e z = e~ u (d z — uj z dy) = — m* M <9 M , 



e 2 * = e u dz* — m* , e z * = e u (d z * - uj z *dy) = —m^d, 



A 4 • 



The components of the spin connection are 



u uzu = e u (d z K-uj z ), uj uzz * = he^f^-U, 



(D.2) 



(D.3) 



w zz * u — — |e 2U fzz* — U , uj zzz * — —e u d z U , 

where / M * = 20^^ and a dot stands for partial derivation with respect to u. 
The components of the Ricci tensor are 

R zz * = 2e~ 2U d z d z *U, 

R zu = ±e-z u dJ^+e- u (d z U + Ud z U), (D.4) 

R uu = -2e- 2U d z d z *K + ±(f^) 2 + e- 2U (d z u z *+d z *u z ) + 2(^ 
and the Ricci scalar is just 

R= -4e~ 2U d z d z *U . (D.5) 
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